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Abstract: In this paper, we introduce the new notion of interval-valued neutrosophic crisp sets 
providing a tool for approximating undefinable or complex concepts in real world. First, we deal 
with some of its algebraic structures. We also define an interval-valued neutrosophic crisp (vanishing) 
point and obtain some of its properties. Next, we define an interval-valued neutrosophic crisp 
topology, base (subbase), neighborhood, and interior (closure), respectively and investigate some 
of each property, and give some examples. Finally, we define an interval-valued neutrosophic crisp 
continuity and quotient topology and study some of each property. 
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point; interval-valued neutrosophic crisp topological space; interval-valued neutrosophic crisp base 
(subbase); interval-valued neutrosophic crisp neighborhood; interval-valued neutrosophic crisp 
closure (interior); interval-valued neutrosophic crisp continuity; interval-valued neutrosophic crisp 
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1. Introduction 


Numerous mathematicians have been trying to find a mathematical expression of the 
complexation and uncertainty in real world for a long time. For example, Zadeh [1] defined a fuzzy set 
as a generalization of a classical set in 1965. Zadeh [2] (1975), Pawlak [3] (1982), Atanassov [4] (1983), 
Atanassov and Gargov [5] (1989), Gau and Buchrer [6] (1993), Smarandache [7] (1998), Molodtsov [8] 
(1999), Lee [9], Torra [10], Jun et al. [11] (2012), and Lee et al. [12] (2020) introduced the concept of 
interval-valued fuzzy sets, rough sets, intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets, 
vague sets, neutrosophic sets, soft sets, bipolar fuzzy sets, hessitant fuzzy sets, cubic sets combined 
by interval-valued fuzzy sets and fuzzy sets, and octahedron sets combined by interval-valued 
fuzzy sets, intuitionistic fuzzy sets, and fuzzy sets, in turn, in order to solve various complex and 
uncertain problems. 

In 1996, cCoker [13] proposed the concept of an intuitionistic set as the generalization of a classical 
set and the special case of an intuionistic fuzzy set and he studied topological structures based on 
intuitionistic sets in [14]. Kim et al. [15] dealt with categorical structures based on intuitionistic sets. 
They also obtained further properties of intuionistic topology in [16]. In 2014, Salama et al. [17] defined 
neutrosophic crisp sets as the generalization of classical sets and the special case of neutrosophic 
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sets proposed by Smarandache [7,18,19], and studied some of its properties. Moreover, they dealt 
with topological structures based on the neutrosophic crisp sets in [17]. Hur et al. [20] investigated 
categorical structures via neutrosophic crisp sets. Many researchers [21-29] have discussed topological 
structures via neutrosophic crisp sets. Recently, Kim et al. [30] introduced the concept of an 
interval-valued set as the generalization of a classical set and the specialization of an interval-valued 
fuzzy set, and applied it to topological structures. 

This paper considers two perspectives. First, we define the interval-valued neutrosophic 
crisp set, a new concept that combines the interval-valued set and neutrosophic crisp set. As an 
example, suppose a country conducts a poll during an election that determines the highest head 
of administration. At this time, the preference for Candidate A is divided into three groups: Favor, 
neutral, and rejection among its citizens from the viewpoint of neutrosophic crisp set, but the minimum 
and maximum for each of a favor, neutral, and rejection from the viewpoint of interval-valued 
neutrosophic crisp set. The group is considered. Then, it is believed that the results of the poll 
by the new concept are more accurate than those by the neutrosophic crisp set. Thus, this new 
concept is needed. Second, since the topology can be applied to high dimensional data sets, big data, 
and computational evaluations (see [31-33], respectively), we study topological structures based on 
interval-valued neutrosophic crisp sets. In order to accomplish such research, first, we recall some 
definitions related to intuitionistic sets, interval-valued sets, and neutrosophic crisp sets. Secondly, 
we introduce the new concept of interval-valued neutrosophic crisp set and obtain some of its 
algebraic structures, and give some examples. We also define interval-valued neutrosophic crisp 
points of two types and discuss the characterizations of the inclusion, equality, intersection, and union 
of interval-valued neutrosophic crisp sets. Thirdly, we define an interval-valued neutrosophic crisp 
topology, an interval-valued neutrosophic crisp base and subbase, and study some of their properties. 
Fourthly, we introduce the concepts of interval-valued neutrosophic crisp neighborhoods of two 
types and find some of their properties. In particular, we prove that there is an IVNCT under the 
hypothesis satisfying some properties of interval-valued neutrosophic crisp neighborhoods. Moreover, 
we define an interval-valued neutrosophic crisp interior and closure and deal with some of their 
properties. In particular, we show that there is a unique IVNCT for interval-valued neutrosophic crisp 
interior [resp. closure] operators. Finally, we introduce the concepts of interval-valued neutrosophic 
crisp continuous [resp. open and closed] mappings and quotient topologies and obtain some of 
their properties. 

Throughout this paper, we assume that X, Y are non-empty sets, unless otherwise stated. 


2. Preliminaries 


In this section, we recall the concept of an intuitionistic set proposed in [13]. We also recall some 
concepts and results introduced and studied in [30,34,35], respectively. 


Definition 1 ([13]). The form A = (AS, Af) such that AS, Af Cc X, and ASN At = Dis called 
an intuitionistic set (briefly, IS) of X, where A© [resp. A®] represents the set of memberships [resp. 
non-memberships] of elements of X to A. In fact, A© [resp. A%] is a subset of X agreeing or approving 
[resp. refusing or opposing] for a certain opinion, suggestion, or policy. 

The intuitionistic empty set [resp. the intuitionistic whole set] of X, denoted by © [resp. X], is defined 
by © = (@,X) lresp. X = (X,@)]. The set of all ISs of X will be denoted by 1S(X). It is also clear that for 
each A € IS(X), Xa = (Xae,X ag) is an intuitionistic fuzzy set in X proposed by Atanassov [4]. Thus we can 
consider the intuitionistic set A in X as an intuitionistic fuzzy set in X. 

Furthermore, we can easily check that for each A € IS(X), AS UA¥ # X (in fact, ASN Af £@) 
in general (see Example 1) but if AS U A% = X, then AS Mn A®° = ©. We denote the family {A € IS(X) : 
ASU A¥ = X} as IS*(X). 
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Example 1. Let X = {a,b,c,d,e} be a set and consider the IS A in X given by: 
A = ({a,b,c},{d}). 
Then clearly, AS UA% # X. In fact, ASN Af £©@. 


For the inclusion, equality, union, and intersection of intuitionistic sets, and the complement of an 
intuitionistic set, the operations | ] and <> on IS(X), refer to [13]. 


Definition 2 ([34,36]). The form A = (AT, Al, AF) such that A’, A!, AF C X is called a neutrosophic 
crisp set (briefly, NCS) in X, where A‘, A!, and A™ represent the set of memberships, indeterminacies, 
and non-memberships respectively of elements of X to A. 

We consider neutrosophic crisp empty [resp. whole] sets of two types in X, denoted by ©, n, ©2,n 
[resp. Xin, X2,n] and defined by (see Remark 1.1.1 in [34]): 


ON = (D,@, X) ; ©2,n = (2, XxX, X) [resp.X1,N = (X, X,@) , Xan => (X,@,@)). 
We will denote the set of all NCSs in X denoted by NC(X). 


It is obvious that A = (A,@, AC) € NC(X) for each ordinary subset A of X. Then we can consider 
an NCS in X as the generalization of an ordinary subset of X. It is also clear that A = (Ae, Q, Af) is 
an NCS in X for each A € IS(X). Thus an NCS in X can be considered as the generalization of an 
intuitionistic set in X. Furthermore, we can easily see that for each A € N(X), 


KA = Kat Karat) 


is a neutrosophic set in X introduced by Salama and Smarandache [7,18,19]. So an NCS is a special 
case of a neutrosophic set. 


Definition 3 ([34]). Let A € NC(X). Then the complement of A, denoted by A’ (i = 1, 2) and defined by: 
Al@ ec (AF, Al, AT) APE = (Af, Al, AT) 
Definition 4 ([34]). Let A, B € NC(X). Then A is said to be: 
(i) A 1-type subset of B, denoted by A C, B, if it satisfies the following conditions: 
ACR ACR A SB", 
(ii) A 2-type subset of B, denoted by A C2 B, if it satisfies the following conditions: 
AP CB APS Ba? D BF, 
Definition 5 ([34]). Let A, B € NC(X). 
(i) The i-intersection of A and B, denoted by AM B (i = 1, 2) and defined by: 
AN! B = (ATO BT, AlnB!, AP UBF), Ar? B = (ABT, A! UB! AF UBF). 
(ii) The i-union of A and B, denoted by A U' B (i = 1, 2) and defined by: 


AU'B= (AT UBT, AlUBI APB), AUB= (ATUBT, AlnB!, AP BF). 
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(i) []A=(ATALAT), ()A= (ARAL AP), 
The followings are immediate results of Definitions 3, 4, and 5. 


Proposition 1 (See Proposition 3.3 in [20] and also compare it with Proposition 3.5 in [15]). Let A, B,C € 
NC(X) and let i = 1, 2. Then we have: 


(1) (See Proposition 1.1.1 in [34]) Qn C; A Ci Xin, 
(2) IfA Cc; Band BC; C, then AC; C, 

(3) ANM'BC; Aand ANB C;B, 

(4) AC; AU BandB Cc; AU'B, 

(5) A C; Bifand only if AN'B=A, 

(6) A C; Bifand only if AU'B =B. 


Proposition 2 (See Proposition 3.4 in [20] and also compare it with Proposition 3.6 in [15]). Let A, B,C € 
NC(X) and let i = 1, 2. Then we have: 


(1) (Idempotent laws): AU'A = A, AN'A=A, 
(2) (Commutative laws): AU! B=B UA, a B=B mM A, 
(3) (Associative laws): AU’ (BU'C) = (AU'B)U'C, Ar (BMC) = (AN' B) MC, 
(4) (Distributive laws): A U! (BMC) = (AU'B) ni (AUC), 
An (BUC) = (AM B)U (ATIC 
(5) (Absorption laws): AU! (AM B) = A, AM! (AU'B) = A, 
(6) (DeMorgan’s laws): (AU! B)* = Al’! BMY, (AU! BB)" = A% 7? Be, 
( jue _— Ale n2 Bic, (A AU? By" = Aze al B2¢, 
(A nl B)1« = Ale Ul Bic, (A An! hye = Aze U2 B2, 
( 2 B)1« = Ale U2 Bic, (A Ar? B)*¢ = Aze Ul B2°, 


(7) (Ae) = A, 
(8) (8a) AU@in =A, An Qin = Din, 
(8b) AU Xin = Xin, AM Xin = A, 
(8c) Xin’ = Qin Dini = Xin N, 
(8d) AU! Ai ZX, ey, Af Ate # Oi n, in general. 


Definition 6 (See [34,37]). Let a € X. Then the form a, = ({a},@, {a}°) [resp. ay, = (©, {a}, {a}°)] is 
called a neutrisophic crisp [resp. vanishing] point in X. 


We denote the set of all neutrisophic crisp points and all neutrisophic crisp vanishing points in X by Np(X). 


Definition 7 (See [34,37]). Let a € X and let A € NC(X). Then, 


(i) ay said to belong to A, denoted by a,, € A, ifa € Al, 
(ii) ayy, said to belong to A, denoted by a,,, € A, ifa ¢ A’. 


Result 1 ([34], Proposition 1.2.6). Let A € NC(X). Then, 
A= An U! ANv, 


where Ay = Un, eA ay, ANV = UnyyeA anv. In fact, Ay = (AT, @, AT) and Ayy = (@,A!, AF). 


Definition 8 ([30,35]). The form [A~, At] = {B CX: A~ CBC At} such that A~, A* C X is called 
an interval-valued sets (briefly, IVS) in X, where A~ [resp. A*] represents the set of minimum [resp. maximum] 
memberships of elements of X to A. In fact, A~ [resp. At ] is a minimum [resp. maximum] subset of X agreeing 
or approving for a certain opinion, suggestion, or policy. 

[D, Q] [resp. [X, X]] is called the interval-valued empty [resp. whole] set in X and denoted by @ [resp. X]. 
The set of all IVSs in X will be denoted by IVS(X). 
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For any classical subset A of X, [A, A] € IVS(X) is obvious. Then we can consider an IVS in X as 
the generalization of a classical subset of X. Also, if A = [A~,A*] € IVS(X), then x, = [x,_/X,4] is 
an interval-valued fuzzy set in X introduced by Zadeh [2]. Thus an interval-valued fuzzy set can be 
considered as the generalization of an IVS. 

Furthermore, we can easily check that for each A € IVS(X), A~ 4 At (in fact, At NA~S AD) 
in general (see Example 2) but if AT = At, then A+ M A~° = ©. We denote the family {A € IVS(X) : 
A- = At} as IVS*(X). 


Example 2. Let X = {a,b,c,d,e} and consider the IVS A in X given by: 
A= [{a,b}, {4,,b3e}\. 
Then we can easily calculate that A~ 4 A*+ and A+ MN A~ #@. 


For the inclusion, equality, union, and intersection of intuionistic sets, and the complement of an 
intuitionistic set refer to [30,35]. 


3. Interval-Valued Neutrosophic Crisp Sets 


In this section, we introduce the concept of an interval-valued neutrosophic crisp set combined by 
a neutrosophic crisp set and an interval-valued set, and obtain some of its properties. 


Definition 9. The form ({A™~, A™*], [Al , Al], [AP—, AP*]) is called an interval-valued neutrosophic 
crisp set (briefly, IVNCS) in X, where [A™~, A™*], [Al—, Al*], [AP-, AP-+] € IVS(X). 

In this case, [A’~,A™*], [A’~, A+], and [AP-,A™*] represent the IVS of memberships, 
indeterminacies, and non-memberships respectively of elements of X to A. 

In particular, an IVNCS is defined as three types below. 

AnIVNCS A = ([A?~, A™+], [A~, Alt], [AP--, AP-*]) in X is said to be of: 


(i) Type 1, if it satisfies the following conditions: 


[AT AM] a [Al-, Alt] =@, [AT AM] [AP AP*] =@, 


[Al-, Al*]n [AP AP*] =@, 


equivalently, AV* NM AL+ =@, AT+*NAP+ =@, Alt nN APt =@, 
(ii) Type 2, if it satisfies the following conditions: 


[AT~, Al] n [Al-, Al] =@, [A™™, AM] 0 [AP-, AP*] =@, 


[Al-, Alt) n [AP-, AP*] = @, [AP-, AP] uU [Al Al] [AP-, AP] = X, 
equivalently, A'+* MN Al+ =@, A+ N APt+ =@, Alt nN Alt =@, 


Al AA Al = x, 
(iii) Type 3, if it satisfies the following conditions: 


AM AY nA AM ln lAP A | =o, 


[AP-, AM] U [Al Alt] U [APO, AF] = X, 
equivalently, AU+M Al+n AP+ =@, AT UAL APO =X. 


The set of all IVNCSs of Type 1 [resp. Type 2 and Type 3] in X is denoted by IVN;(X) [resp. IVN2(X) 
and IVN3(X)], and IVNCS(X) = IVNy(X) UIVN2(X) UIVN3(X), where IVNCS(X) is the set of all 
IVNCSs in X. 
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For any classical subset A of X, (IA, A], ©, [A‘, A‘)) € IVNCS(X) is clear. Then we can consider 
an INCS in X can be considered as the generalization of a classical subset of X. Moreover, if A = 
((AT, AM], [Al-, AL], [AP-, AF-+]) € IVNCS(X), then: 


Xa = are. area [Xr Kare Rie ste<l) 


is an interval neutrosophic set in X proposed by Ye [38]. Thus we can consider an IVS as the 
generalization of an IVNCS. 


Remark 1. 


(1) IVN(X) C IVN,(X), IVN2(X) C IVN3(X), 
(2) IVN,(X) ¢ IVN2(X), IVNy(X) ¢ IVN3(X) in general, 
(3) IVN3(X) ¢ IVN;(X), IVN3(X) ¢ IVNo(X) in general. 


Example 3. Let X = {a,b,c,d,e, f,¢,h,i}. Consider two IVNCSs in X given by: 
A = ([{a,b,c}, {a,b,c,d}], [{e}, fe, FH], gn}, {gh i}]), 
B = ([{a,b,c}, {a,b,c}], [{a,e, fF}, (4,6, Fh [tg bi}, fg, i) - 


(i) [AT-,AT+] 9 [AL-, Al+] =@, [AT™-,AT+] 2 [AP-, A+] =@, 
[Al-, Al+]n [AP-, AP-+] = @. But 
‘l 


[AT~, A+] U[Al-, Al] U [AP-, AP] = [{a,b,c,d,e, f,g,n}, X}] # X. Then A € IVN,(X) but 
A € IVN2(X). Moreover, we have: 


[AT AT] 9 [Al Alt] n [APo, APt] =@, 
Thus A ¢ IVN3(X). So we can confirm that Remark 1 (2) holds. 
(Gi) (BT, BU+] q [BE-, BE+] n [BF-, BF-+] =@, 
(BT, B’+] U BC!-, B+] U [BF-, BF-+] = X. But 


[B'~, BY +} [BY BY] = [{a}, {a}] 4D. 
Then B € IVN3(X) but B ¢ IVN;(X), B ¢ IVN3(X). Thus we can confirm that Remark 1 (3) holds. 


Definition 10. We may define the interval-valued neutrosophic crisp empty sets and the interval-valued 
neutrosophic crisp whole sets, denoted by ©; yn and Xi tyn (i = 1, 2, 3, 4), respectively as follows: 


() Own = (G,B,X), Qoivn = (G,%,X), 


O3,1VN = 'e , OLIVN = 'e j 


(ii) Xiu = (X,X,O), Xan = (X,O,O 


X3,1VN = (X,G,X), X41VN = (x, X,X). 


Definition 11. Let A € IVNCS(X). Then the complements of A, denoted by A’ (i = 1, 2, 3), isan IVNCS 
in X, respectively as follows: 


Ale _ ea, [Al ,AlA i [AP AR ee 


Abt = (AP ,AP+, [Al Abt) [A™ AP); 


Ade = ({APo, APA, (Aa aAey, (aA) . 
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Example 4. Let A = ([{a,b,c}, {a,b,c,d}}, [{e}, {e, F}I, {ga}, {g, 1, i}]) be the IVNCS in X given in 
Example 3. Then we can easily check that: 
Al =< [fe,f.g hi}, {de,f,g hi}, a,b,0d,g hi}, {a,b 64, f,8,h, i}, 
[{a,b,c,d,e, f}, {a,b,c,d,e, f,i}] >, 
A = (({g,h}, {g,h, iP] [Le}, {ef }] [La,b.c}, {a,b,c,d}]) 
Axe =< {eh}, {g,h,i}], {a,b,c,d,¢,h,i}, {a,b,c,d, f,g,h,i}], 
ta,b,c},10,b,¢,0}| >. 


Definition 12. Let A, B © IVNCS(X). Then we may define the inclusions between A and B, denoted by 
A Cc; B(i=1, 2), as follows: 

A Cy Biff [A™—,A™*] c [BP-, BT], [Al-, AP] c [BP, BE], 

[AP-, AP +] D [BF-, BF+], 

A Co Biff [A™~,A™*] c [BU-, BT], [Al-, Al] 3 [BP-, BP], 

[AP-, AP+] > [BP-, BF-+). 


Proposition 3. For any A € IVNCS(X), the followings hold: 


(1) @yrn C1 A Ci Xn, ©2,1vN C2 A C2 Xz, 1VN, 
(2) Gitvn Cj Gitvn, Xitvn Cj Xi1vn, (t= 1, 2, 3, 4,7 =1, 2). 


Proof. Straightforward. 


Definition 13. Let A, B ¢ IVNCS(X), (Aj)jey C IVNCS(X). 


(i) The intersection of A and B, denoted by AM B (i = 1, 2), is an IVNCS in X defined by: 
AM! B =< [AT-, Al] [BP-, BE], [Al-, AL*] n [BP-, BE], 
[AP-, AF-+] U [BF-, BF+] 5, 
A(t? B =< [AT, AT] [B?-, BE], [AL-, AL*] U [BP BE], 
[AP-, AP] U [BF B+] > 


(i') The intersection of (Aj) jcj, denoted by Ney Aj (i =1, 2), isan IVNCS in X defined by: 


1 
Aaj = (nia ath ial ap Ulan apt), 


ic] ic] ic] ie] 


2 
(\ Aj = (n [Ay AML UIAl Ai 1. U apn apy) 


ic] ic] ic] ie] 

(ii) The union of A and B, denoted by AU! B (i = 1, 2), isan IVNCS in X defined by: 
AU! B =< [A?~, AT] U [B?-, B+], [Al-, Alt] U [BP-, BET], 

[AP--, AF-+] 7 [BP-, BF-+] >, 

AU? B =< [A?-, A™*] U [B?-, BP], [AL-, Alt] 2 [BE-, BE], 


[AP APT] a [BF-, BF+] >, 
(ii') The union of (Aj) jcj, denoted by Ujes Aj (i = 1, 2), is an IVNCS in X defined by: 


1 
U4 = (Ua aL Ua ap Atal apt), 


ic] ie] ic] ie] 


2 
UA) (Wala) Narn aly pain ap") | 


ic] ic] ic] ie] 
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(iii) [JA = ([AT™, AT], [Al Al], [AT, AT*]°) 
(io) < > A= ([APo, Abt] [alr AM] [APO AP+), 


From Definitions 10-13, we get similar results from Propositions 3.5 and 3.6 in [30]. 


Proposition 4. Let A, B, C € IVNCS(X),i = 1, 2. Then, 


(1) IfA Cc; Band BC; C, then AC; C, 
(2) Ac; AU BandBcCc; AU'B, 
(3) ABC; Aand AM'B C;B, 
(4) A Cc; Bifand only if AN'B=A, 
(5) A C; Bifand only if AU'B =B. 


Proposition 5. Let X A, B, C € IVNCS(X), (Aj)jey C IVNCS(X), and let i = 1, 2;k =1, 2, 3. Then 


(1) (Idempotent laws) A Ui A =A,A ni A= ees 
(2) (Commutative laws) AU'B=BU'A, AN'B=Bf'A, 
(3) (Associative laws) A U' (BU'C) = (A UiB)UFC, AN! (BFC) = 
(4) (Distributive laws) AU! (BMC) = (AU! B)n! (AU'C), 
Art (BUC) = (Ari B)U' (An‘C), 
(4') (Generalized distributive laws) (Ney A jJUAz= Ne (Aj U' A), 
( bey Aj ia A= Uje (Aj A), 
(5) (Absorption laws) A U' (A nm B)=A, A ni (AU! B) =A, 
(6) (DeMorgan’s laws) (A U! B)Ke = Ake 9 BEE, (Ari B)KE = Ake Ul Bie, 
(6') (Generalized DeMorgan’s laws) (Uiey A eS Ney AN, 
(7) (Akos = A, . 
(8) (8a) AU’ Oitvn = A, AN Gyn = Gi 1vn, 


(An! B) nic, 


(8b) AU! Xiivn = Xirvn, AN! oe IVN =A, 


(8c) Xy, as “= Or 1vn, X1, yas = ©2 1vN, Xi, IN" = OLIVN, 
X2, IN" = 2 1vn, X2, IN" = OD, 1vn, X2, VN" = O2 1VN, 
X3, IN = ©3,1vVN, X3, IN" = X3,1vN, X3, IvN" = X4Ivn, 
X4, IN" = Os 1vn, Xa, VN" = Xgivn, X4, IN" = X3 IVN, 
1, IN" = Xi 1vn, 1, IN" = Xz 1vn, ©1, VN’ = Xp vn, 
Do, IVN = Xz 1vn, ©2, VN = Xi 1vn, ©2, VN’ = X2IVN, 
D3, IN" = X31vn, ©3, IN" = 03 1vn, ©3, IN" = O41VN, 


Ostyn' = Xaivn, Gs, VN = Os 1vn, Oa, vn” = O3,1vN 
(8d) AU! te # Xjivn, A ni Ake - Oj, 1vn in general as Eample 5); 


where j = 1, 2, 3, 4. 


Example 5. Consider the IVNCS A in X given in Example 4. Then, 
Ara 
= ([ta,b,cf, {a,b,c d}], tet, te ft), [tg ay, (8, h, i}]) 
Hh < [{e, f,2, h, i}, {d, e, f,&, h, i}], [{a, b, Cc, d,g, h, i}, {a, b, Cc, d, f,&, h, Ae 
[{4, b,c, de, f}, {a,b,c,d,e, f,i}] > 

= (1, (4h), (©, (fH), [ta b,c de, fg, hy, X})) 

# Oj,1vn- 
Similarly, we can check that: 


AU! AM £ Xj rn, AM! A* # Dj wn, AU! A # Xj rn. 


Additionally, we can easily check the remainders. 
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A neighborhood system of a point is very important in a classical topology. Then we propose an 
interval-valued neutrosophic crisp point to define the concept of an interval-valued neutrosophic crisp 
neighborhood. Moreover, when we deal with separation axioms in an interval-valued neutrosophic 
crisp topology, the notion of interval-valued neutrosophic crisp points is used. Then we define it below. 


Definition 14. Let a € X, A € IVNCS(X). Then the form (I{a}, {a}],@, [{a}*, {a}*]) [resp. 


(3, [{a}, {a}], [{a}°, {a}*])1 is called an interval-valued neutrosophic [resp. vanishing] point in X and 
denoted by a 
IVN?(X). 


[resp. A,,.,]. We will denote the set of all interval-valued neutrosophic points in X as 


IVN IVNV 


(i) We say that a 
(ii) We say that a 


belongs to A, denoted by ayy € A,ifa € Al. 
belongs to A, denoted by a EA, ifa ¢g AP. 


IVN 


IVNV IVNV 


Proposition 6. Let A € IVNCS(X). Then A = Ayn U! Apynv, 


sees ip ul —|/1 
where Atvn = Uae Qiyy, AIVNV = Vay fiynv- 
In fact, 


Alvn = (ANH ATO, Arc Atty 


and 


AIvnv = (3, [AP AL], [Aro aP+]) : 


Proof. A =(J 8, = 
IVN Un eA IVN Ayn € 


= (Un, <alta}, o Un 


a [ah {a}],@, [{a}, {a}"]) 
ca@,Ma,, calla} {a}]) 


(lUnear~ {a}, Uncars{a}) B,[Macar {a}, Mrear- {a}']) 
= ({AT, AT], [Al +e /AU- ‘)) 
= ([AT, ATH], |G, [AT-, AA), 
Awnv = Ula =Ul ca (B, [ah faH], [fa}", {a}1) 


= (Un yyyeA Pann, calla}, {4}]-Ma,,, calla} {a} ]) 
= (3, [Useat- {a}, Une Al+ {a}, [agat+ {a}", Nae Ak- {a}"]) 
= (G, [Al ,AL+], [AP PAPA 

Then we have, 


[AT-, ATA], @, [AT AT+]°) Ul (3, [AL-, Al+], [AF /AE+)) 
[AT AM] UG, Bu [ab AMY, [APH ATH (APH, AP] ) 
[AT—, ATH], [Al-, Al+], [AT+"$ 9 ABW, AD ‘nm Art) 

[AT AT+], [Al~, Al+], [AE, AF-+) 


Arn U! Arvnv = 


This completes the proof. 
Example 6. Let X = {a,b,c,d,e, f,g,h,i} and consider the IVNCS in X given by: 


= ([{a,b}, {a,b ch], {ah {4 et] UA 8h (F813). 


Then clearly, we have: 
an 


ea (at, {a}],G [{a}*, {a}]) 
= ie b}, {a,b,c}],B, [{a}en fb}. {e}*, {a}° 1 {b}*]) 
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= ([{a,b}, {a,b c}],@, [de fart}, {od.e,f,8,h,i}]) 
— ({AT, AT], [AT AT+]") , 


AIvnv _ 

= Uh. a(S lta}, {a}], [{a}*, {a}4]) 

=< O,[{d}, {d, ef], [tah {b}° 0 {of {a} fe} {hh} {i}, 

Lahe {b}EN {oJ {a}EN fe} {i} *] > 

= (G, {a}, {de} {fa} {fa hb) 

= (3, [Al /AlA ), [AP pAeA |): 
Thus Aryy U! Aqynv = ([{a,b}, {a,b,c}], {a}, {4,e}], [{f, a}, {f,2,h}]) = A. So we can confirm that 
Proposition 6 holds. 


Proposition 7. Let (Aj)jej C IVNCS(X) and let a € X. 
(1) dyn E Nie] Aj [resp. dyyny € Ney Ajl @ ayy © Aj [resp. ayy € Aj] for each j € J. 


(2) dyn E Use) Ay [resp: dryigy © Vie] Aj] <= there exists j € J such that a,,,, € Aj [resp. dyyyy © Aj. 


Proof. (1) Suppose ay € (je Aj and let A = (je, Aj. Since AT = jer Aj, ae Ne Aj. 
Then a € A!’* for each j € J. Thus Qiyy € Aj for each j € J. The converse is proved similarly. 
The proof of the second part is omitted. 

(2) Suppose ayyy € Utley Aj and let A = Ue; Aj. Since AP*+ = AjepAj't, a € Nes Aj: 


i€J 
Then a ¢ Ait for some j € J. Thus a,,,,, € Aj for some j € J. The converse is shown similarly. 
The proof of the first part is omitted. 


Proposition 8. Let A,B © IVNCS(X). Then, 


(1) A Cy B ifand only if a 
(2) A= Bifand only if a 


EA>a 
EASa 


EA>a 
EASa 


€ B [resp. a 
€ B [resp. a 


€ B] for eacha € X. 
€ B] for eacha € X. 


IVN IVN IVNV IVNV 


IVN IVN IVNV IVNV 


Proof. Straightforward. 


When we discuss with continuities in a classical topology, the concepts of the preimage and image 
of a classical subset under a mapping are used. Then we define ones of an IVNCS under a mapping 
as follows. 


Definition 15. Let f : X — Y be a mapping, A € IVNCS(X), B € IVNCS(Y). 
(i) The image of A under f, denoted by f(A), is an IVNCS in Y defined as: 


f(A) = (LAAT), FAT YL LAI) FAM LAP) F(APAYD) 


(ii) The preimage of B under f, denoted by f—!(B), is an interval set in X defined as: 


£71) = ABFA) LAB HL ABFA By). 


It is clear that f (diy) = f (@any O78 f (Giywy) = FB) ane for coc a EX, 


From the above definition, we have similar results of the image and the preimage of classical 
subsets under a mapping. 
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Proposition 9. Let f : X — Y bea mapping, A, Ay, Az © IVNCS(X), (Aj)jey C IVNCS(X) and let 
B, By, By € IVNCS(Y), (Aj)jey C IVNCS(Y). Let i =1, 2;k = 1, 2, 3;1 =1, 2, 3, 4. Then, 


(1) If Ay CG; Az, then f(A) C; f(A2), 

(2) If By Cj Ba, then f-*(B1) Ci f (By); 

(3) AC; ie 1(f(A)) and if f is injective, then is f(A), 

(4) f(f7 "(B)) C; Band oe. is surjective, f(f—'(B)) = B, 

(5) PU ie] Bj) = Wat \(B i), 

(6) f-*(Mey Bi) = Mey FB), | 

(7) Fier 4 rie Uiey f(A ee if f is surjective, then f(U: fey Aj)i = Ujey (Aj), 
(8) f (Ne Aj) Ci Ney f(A Nae if f is injective, then fey A j) = Nie f(A) 
(9) If f is surjective, then f (A)K* c; f(A*), 

(10) f-1(BRe) = f-1(B) Ke, 

(11) f~'(Qr vn) = Qin, f~ (Xin) = Xv 

(12) f(Q,1vNn) = Oirvn and if f is BHT ICO then F(X, LIVN) = XLIVN, 

(13) If g: Y + Z is a mapping, then (go f)~1(C) = fl g—(C)), for each C € [Z]. 


Proof. The proofs are straightforward. 


4, Interval-Valued Topological Spaces 


In this section, we define an interval-valued neutrosophic crisp topology on X and study some 
of its properties, and give some examples. We also introduce the concepts of an interval-valued 
neutrosophic crisp base and subbase, and a family of IVNCSs gets the necessary and sufficient 
conditions to become IVNCB and gives some examples. 

From this section to the rest sections, C,, U!, n!, *, ©11vn,and Xj yn are denoted by C,1, U, °, 
@iyn,and Xryn, respectively. 


Definition 16. Let @ 4 tT C IVNCS(X). Then T is called an interval-valued neutrosophic crisp topology 
(briefly, IVNCT) on X, if it satisfies the following axioms: 


(IVNCO,) @1vn, X1vn € T, 
(IVNCO2) ANBeEtforany A, BET, 
(IVNCO3)  Ujey Aj € T for any family (Aj)jey of members of T. 


In this case, the pair (X,T) is called an interval-valued neutrosophic crisp topological space (briefly, 
IVNCTS) and each member of t is called an interval-valued neutrosophic crisp open set (briefly, IVNCOS) in X. 
An IVNCS A is called an interval-valued neutrosophic crisp closed set (briefly, IVNCCS) in X, if A° € T. 

It is obvious that {Q1vn, X1vn} [resp. IVNC(X)] is an IVNCT on X, and called the interval-valued 
neutrosophic crisp indiscrete topology (briefly, IVNCIT) [resp. the interval-valued neutrosophic crisp discrete 
topology (briefly, IVNCDT)] on X. The pair (X,Tyy 9) resp. (X,Tyy1)J is called an interval-valued 
neutrosophic crisp indiscrete [resp. discrete] space (briefly, IVNCITS) [resp. (briefly, IVNCDTS)]. 

IVNCT(X) represents the set of all IVNCTs on X. For an IVNCTS X, the set of all IVNCOs [resp. 
IVNCCSs] in X is denoted by IVNCO(X) [resp. IVNCC(X)]. 


Remark 2. (1) For each t € IVNCT(X), consider three families of IVSs in X: 
Pod A AV eIvs(xX:Aew, c HtAl A“ |e IVa(X) Aesz 


aP = {[AP*" AP) € IVS(X): A € TH. 


Then we can easily check that t', t! and t* are IVTs on X. 

In this case, t" [resp. t! and t"] is called the membership [resp. indeterminacy and non-membership] 
topology of t and we write T = ae a =): In fact, we can consider (X,t",t!, t*) as an interval-valued 
tri-topological space on X (see the concept of bitopology introduced by Kelly [39]). 


Symmetry 2020, 12, 2050 12 of 29 


Furthermore, we can consider three intuitionistic topology on X proposed by cCoker [14]: 
Tt, = {(AT,A™) € IS(X): A € TH, t, = {(Al7, AM] € IS(X): AE TH 
qe y * a. y * y 


tT, = {APt" AP-) € 18(X): A € TH. 


Let us also consider six families of ordinary subsets of X: 
te = {AP CK: Aet}, et = {Al CK: AE TH, 


te = {Al CX: Ae th, Het = {Alt CX: AT}, 
ce = {ATH OX: Aeth, Pt = {Al CK: AE Th. 
Then clearly, T~, t+, tht, th-, th, cP are ordinary topologies on X. 
(2) Let (X,T) be an ordinary topological space. Then there are four IVNCTs on X given by: 


ate {([G,G],®, [G°, G]) EIVNC(X):GEDSifGAX 
{Qivn, Xivn} fe=x, 


oe {(IG,G],X,[6%,G']) € IVNC(X):G Ew} fC FX 
{Qivn, Xivn} fa=s, 


Be {([2,G],®, [2,G*]) E IVNC(X):GEDSifGAO 
{Oivn, Xivn} ifG=®@, 
co {([2,G],X,[@,G*]) € IVNC(X) :G eH} FG AO 
{O1vn, X1vn} ifG=@. 
(3) Let (X,T,,,) be an IVTS introduced by Kim et al. [30]. Then clearly, 


T= {([A ,At],@, [At A ‘) € IVNC(X): A € t,} € IVNCT(X). 
(4) Let (X,t,) be an ITS introduced by cCoker [14]. Then clearly, 
t= {([A&, A®,G, [A¥, Ae] € IVNC(X): A € t,} € IVNCT(X). 


(5) Let (X,T,-) be a neutrosophic crisp topological space introduced by Salama and Smarandache [34]. 
Then clearly, 


t= {([AT, A], [Al Al], [AF AP] € IVN*(X)) | A € Tyo} € IVNCT(X). 


From Remark 2, we can easily see that an IVNCT is a generalization of a classical topology, an 
IVT, an IT, and neutrosophic crisp topology. Then we have the following Figure 1: 
Example 7. (1) Let X = {a,b}. Then we can easily check that: 
Tyna — {Qivn, aN Dye fivnys Dixy (3, O, [{D}, {b}]) ’ 


([{a}, Cat], ay, tap], Lb}, {O3]) , Xivn}- 
(2) Let A € IVNCS(X). Then A is said to be finite, if AU +, A'’+, and A‘+ are finite. Consider the family 


t= {U € IVNCS(X) : U = Qyn or U“ is finite}. 


Then we can easily prove that tT € IVNCT(X). 
In this case, T is called an interval-valued neutrosiophic crisp cofinite topology (briefly, IVNCCET) on X. 
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(3) Let A € IVNCS(X). Then A is said to be countable, if A'*+, A'*, and A™* are countable. 
Consider the family: 
t= {U € IVNCS(X) : U = Own or US is countable}. 


Then we can easily show that tT € IVNCT(X). 


Interval-valued neutrosophic crisp topology 


Neutrosophic crisp topology 


Interval-valued / Classical Intuitionistic 
topology topology } topology 


Figure 1. The relationships among five topologies. 


In this case, Tt is called an interval-valued neutrosiophic crisp cocountable topology (briefly, IVNCCCT) 
on X. 
(4) Let X = {a,b,c,d,e, f,g,h,i} and the family t of IVNCSs on X given by: 


Tt = {@rvn, A, Az, A3, Aa, Xivn}, 


where Ay = ([{a,b}, {a,b c}], [te}, te FF), gh {8,4h]), 
Az = ([{a,d}, {a,c a}], tet, tet], tg Ab, 8h, i})) 
Az = ([{at, {a,ch], [tet, tet], sah, (3,1 i ]) 
Aa = ([{a,b,d}, {a,b,c d}], (teh, te FEL ah, tg a)) - 
Then we can easily check that tT € IVNCT(X). 
(5) Let X = {0,1}. Consider the family t of IVNCSs on X given by: 


T= (On, ([(0}, {0}]-@, [1}, (1), Xv}. 


Then we can easily prove that tT € IVNCT(X). In this case, (X,T) is called the interval-valued neutrosophic 
crisp Sierpin' ski space. 


From Definition 16, we have the following. 


Proposition 10. Let X be an IVNCTS. Then: 


(1) @ivyn, Xivn € IVNCC(X), 
(2) AUB €IVNCC(X) for any A, B € IVNCC(X), 
(3) Njey Aj € IVNCC(X) for any (Aj)jey C IVNCC(X). 


To discuss IV NCT(X) with a view-point of lattice theory, we define an order between two IVCTs. 


Definition 17. Let t%], t% € IVNCT(X). Then we say that T, is contained in tT) or T, is coarser than Tp or T 
is finer than 7%, if T C T,1e., A € T foreach A € %. 
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Foreach t 2 1VNCT(X), tips CPC tyiys ts clear: 


From Definitions 14 and 16, we get the following. 


Proposition 11. Let (t)jej C IVNCT(X). Then (je; t € IVNCT(X). 
In fact, (\jej T is the coarsest IVNCT on X containing each 7. 


Proposition 12. Let t, y © IVNCT(X). We define t \ y and t V ¥ as follows: 
TAY={W:Wet, WEY}, 
TVY={W:W=UUV, UET, VE}. 
Then we have: 


(1) tAvyisanIVNCT on X which is the finest IVNCT coarser than both t and vy, 
(2) tV isan IVNCT on X which is the coarsest IVNCT finer than both t and vy, 


Proof. (1) Clearly, tT/\ y € IVNCT(X). Let 7 be any IVNCT on X which is coarser than both t and ¥, 
and let W € 7. ThenW € tand W € x. Thus W € tA ¥. So n is coarser than T A ¥. 
(2) The proof is similar to (1). 


From Definition 17, Propositions 11 and 12, we can easily see that (IVNCT(X),C) forms a 
complete lattice with the least element T,,,,, and the greatest element T,,,.),- 

A topology on a set can be a complicated collection of subsets of subsets of a set, and it can be 
difficult to describe the entire collection. In most cases, one describes a subcollection (called a base and 
a subbase) that “generates” the topology. Then we define a base and a subbase in an IVNCT. Moreover, 
we introduce the various intervals via IVNCSs in real line R. 


Definition 18. Let (X,T) be an IVNCTS. 

(i) A subfamily B of t is called an interval-valued neutrosophic crisp base (briefly, IVNCB) for tT, if for each 
A€tT, A = @yyn or there is B C Bsuch that A = Up. 

(ii) A subfamily o of t is called an interval-valued neutrosophic crisp subbase (briefly, IVNCSB) for T, if 
the family B = {Q\o : 0 isa finite subset of 7} is an IVNCB for T. 


Remark 3. (1) Let 6 be an IVNCB for an IVNCT t on a non-empty set X and consider three families of IVSs 
in X: 
pl = {[Al-,A™*] € IVS(X): A € Bh, Bi = {[Al, Al] € IVS(X) : AE B}, 


pF = {[AP+® AP-9 © IVS(X): A By}. 


Then we can easily see that B', B', and BF are an interval-valued base (see [30]) for t', t!, and t', respectively. 
Furthermore, we can consider three intuitionistic base on X defined by cCoker [14]: 


By = (AT, AT*) € 15(X) : A € B}, B, = {(APW,Al*] € 15(X) : AE B}, 
Bp = {APt", AP) € IS(X): A € B}. 
Let also us consider six families of ordinary subsets of X: 
pi ={A CX Acs, BP H=lA™ CK ACSI, 
prr=a{AlcxXrAc Bl, Bt S{A™ CX ACBL 
ph = {AT+" CX: Ac Bh, Pt = {Al CK: AE Bh. 
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Then clearly, B™~, Bit, Blt, Bl, Bro, pBP*+ are ordinary bases for ordinary topologies 
th, cit, alt, cho, ch, cht on X, respectively. 
(2) Let o be an IVNCSB for an IVNCT t on a non-empty set X and consider three families of IVSs in X: 


of = {[A?-, AT] € IVS(X): A Eo}, o! ={[Al*, AL] € IVS(X): A Eo}, 


oF = {[AFt® AP-9 © IVS(X): A € 0}. 


Then we can easily see that o!, o!, and oF are an interval-valued subbases (see [30]) for t!, t!, and tt, 
respectively. 
Furthermore, we can consider three intuitionistic base on X defined by cCoker [14]: 


op = {(AT~, AT) € IS(X): A € o}, 0 = {(Al-, Al] € IS(X): A € 0}, 
op = {APt*" AP) € IS(X): A Eo}. 
Let also us consider six families of ordinary subsets of X: 
Gg Sts Cx Ae oO a4A CRASS, 


g@-={Al- CX: Ae oho ={A CX AEs}, 


oF = {ATH CX: Aco}, oF = {AP CX: AEC}. 


T, T/4 


Then clearly, 0°, oT, , oF + are ordinary subbases for ordinary topologies 
qh cht git ql, oF 


, te, tP+ on X, respectively. 


A. ales og 


Example 8. (1) Let o = {([(a,b), (a,)], [, ©], [D, (—ce,a]]) : a, b € R} be the family of IVNCs in R. 
Then o generates an IVNCT Tt on R which is called the “usual left interval-valued neutrosophic crisp topology 
(briefly, ULIVNCT)” on R. In fact, the IVNCB § for t can be written in the form: 


p= {Rivn $ U {NyerSy : Sy E€o,Tis finite} 
and t consists of the following IVNCSs in R: 


T= {Qrvn, Rivn $ U {((U(aj bj), (c,0)], ,O)} 


or 
TH {@vn, Rin} U {([U(ae, by), R],,O)}, 


where a;,bj,c € R, {a; : j € J} is bounded from below, c < inf {aj :j € J} and ay, bk © R, {az : k € K} is 
not bounded from below. 

Similarly, one can define the “usual right interval-valued neutrosophic crisp topology (briefly, URIVNCT)” 
on R using an analogue construction. 

(2) Consider the family o of IVNCSs in R: 

o ={([(a,b), (a1, 00) 9 (—c0, b1)], B, (2, (—e2, a1] U [b1, 00] ) 
: a, b, a4, b, ER, a, <a, by, => bd}. 

Then o generates an IVNCT t on R which is called the “usual interval-valued neutrosophic crisp topology 
(briefly, UIVNCT)” on R. In fact, the IVNCB B for t can be written in the form: 


p= {Rivn } U {NyerSy : Sy ea, Tis finite } 


and the elements of t can be easily written down as in (1). 
(3) Consider the family 019 1) of IVNCSs in R: 
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o:] = {([la, b], (2,00) N (—c0,b]],G, [D, (—ce, a] U [b, e0} ) 
:a,b€ Rand0 <a<b< tI}. 
Then 01,1; generates an IVNCT Tj on R which is called the “usual unit closed interval interval-valued 
neutrosophic crisp topology” on R. In fact, the IVNCB j9,1) for T%q,1) can be written in the form: 


Boa) = {Rivn} U {MyerSy : Sy € 191), F is finite} 


and the elements of t can be easily written down as in (1). 
In this case, ({0, 1], Tjo,1}) is called the “interval-valued neutrosophic crisp nusual unit closed interval” and 
denoted by [0,1] 1vncz. In fact, 


(0, Uivncr = ({[0, 1], [0,00) U (—00,1]],,) 


(4) Let B = {a,,,,:4 © X}U {a,,,, :.a4 € X}. Then B is an IVNCB for the interval-valued neutrosophic 
crisp discrete topology T% on X. 
(5) Let X = {a,b,c,d,e, f,g,h,i} and consider the family B of IVNCSs in X given by: 


B= {A,B, Xin}, 
where A = (|{a,b}, {a,b,c}],[{e}, {e, FPL {gh {etl , 


B= (|{a,d}, {a,c}, (teh, tet], {gM}, {8 7})) - 
Assume that B isan IVNCB for an IVNCT t on X. Then by the definition of base, B C t. Thus A, B € T. So 


ANB = ([{a}, {a,c}], [fe}, {e}], [{¢, h}, {g,h,i}]) € t. However for any B C B, ANB #UB. Hence B 
is not an IVNCB for an IVNCT on X. 


From (1), (2), and (3) in Example 8, we can define interval-valued neutrosophic crisp intervals 
as following. 


Definition 19. Let a, b € Rsuch that a < b. Then: 


(i) (The closed interval) [a,b] ;yncr = (la, bj, [a, —00) N (—00, bj], 2,3), 
(ii) (The open interval) (a,b)1vncr = ([(a, b), (a, —00) N (—00, b)], 2,0), 
(iii) (The half open interval or the half closed interval) 


(2, blivcr = ({(a, 8, (2, -c) N (—c,b]], 3,8), 


ahne= ([[a,b), [a, co) (—00,b)],8,B), 


(iv) (The half interval-valued real line) 
(—00, a] vcr = ({(—c0, al, (—00, a), 0,0) , 
(—,4):vnct = ([(—20,4),(—22,4)], 8,8), 
[4, 00) vcr = ({[a, 00), [a,c0)],2,2) ; 


(2,00)ivner = ((a, 9), (a,00)], 8,8) , 


(v) (The interval-valued real line) 


(—00, 0) 1yMcI = ({(—c0, 00), (—0, c0)],2,2) = Ryn. 
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The following provide a necessary and sufficient condition which a collection of IVNCSs in a set 
X is an IVNCB for some IVNCT on X. 


Theorem 1. Let 8 C IVNCS(X). Then 6 is an IVNCB for an IVNCT t on X if and only if it satisfies the 
following properties: 


(1) Xivn =UB, 
(2) If By, Bz € Band ay, € By NM Bg resp. ayyyy € Bi MO Bol, then there exists B € B such that ay, € BC 


By Bg resp. Aiyny € BC ByM Boal. 


Proof. The proof is the same as one in classical topological spaces. 


Example 9. Let X = {a,b,c} and consider the family of IVNCSs in X given by: 
B = {A}, Az, A3, As}, 


where Ay = ([{b}, {a, by], toy, tot], ted, teb]), 
Ay = \ {b,c}, {b,c}], [{a}, {a}],B 
Az = ([{at, tah] [teh teh], bh, {oF)) 
Ag = ([{b},G,[{c},{c}]), 
Then clearly, B satisfies two conditions of Theorem 1. Thus B is an IVNCB for an IVNCT t on X. In fact, 
we have: 
Tt = {O1vn, A1, Az, A3, Ag, As, Ao, Az, X1vN}, 


where A5 = ([{b,c},X], [{a,b}, {a, b}],®) i 
= ( {a,b}, {a,b}, [(b,c}, {b,c}],8), 
A7 = (x, [{a,c}, {a,c}],®) ; 


The following provide a sufficient condition which a collection of IVNCSs in a set X is an IVNCB 
for some IVNCT on X. 


Proposition 13. Let ¢ C IVNCS(X) such that X;yyj = Uc. Then there exists a unique IVNCT t on X 
such that o is an IVNCSB for Tt. 


Proof. Let 6 = {B € IVNCS(X )2 B= (Ey Sand S$; € ca}. Lett = {U € IVNCS(X) << U= 
@ or there is a subcollection 6 of B such that U = Uf }. Then we can show that T is the unique 
IVNCT on X such that 7 is an IVNCSB for T. 


In Proposition 13, Tt is called the IVNCT on X generated by c. 
Example 10. Let X = {a,b,c,d,e} and consider the family o of IVNCSs in X given by: 


o> {A1, Ad, A3, Ag}, 


a ([{a}, tap], [{b}, {O31 [tea h, {c,4}]), 
= ([{a,b,c}, {a,b,c}], [{b, 4}, {b, af], Heb, teh), 
yee = ([{b, ce}, {b,ce}], ee}, tod e}], {a}, {4}]), 


Aa = ([{c,4}, {c,d} ], {a,c}, {a cf], ta, b}, {a,b})) - 


Then clearly, Jo = Xyyn. Let B be the collection of all finite intersections of members of 7. Then we have: 


B = {A1, A2, A3, Aa, As, Ag, Az7, Ag, Ag, A1o, Ait, A12}, 
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meee te Eee eect 
= (G,[{},{0}], Herd}, {era}, 
w= (00 ,[{a,b, c,d}, {a,b,c,d}]), 
As = ([{b,c},{b, c}], (2, {a}, [{d,e}, {4,e}]) 
Ag = ([{c}, {c}],G, [{a,b,e}, {a,b,e}]), 


Ao = ({c}, {c}], ic}, {c}], [{4,b, d}, {a,b,d}]), 
Ay = = Ga [{c, d, e}, {c, d, e}1) y 
Ap = (I{ch, {c}],@, [{a, b, d,e}, {a,b d, e}]) ; 
Thus we have the generated IVNCT t by o: 
T= {Divn, A, Ad, A3, Ag, As, A6, Ay, Ag, Ag, Ao, Au, Ay, A43, Ay, A4s, A16, Ay7, As, Xivn}, 
where Aj3 = ( {a,b,c}, {a,b,c}], [{b,d}, {b,d}],O), 
= ([a,b, ce}, {a,b,c,e$], [{b, cet, tbc, det], (tay, {4}]) , 
{a,0,d},40, c,d}, (4a,6,c},4a,0,c}|,2 


( 
( 
Aw = ( {a, b,c, e}, 14, b,c,e}], [{b,0,d,e}, (b,c, d,e}],®) ; 
( 
a= (x 


{a,b,c,d}, {a, b,c, d}], [{a, b, c,d}, {a,b,c,d}],O), 
, [{a,c,e}, {a,c,e}], 3). 


Remark 4. By using “C2, Uz, M2, “(i = 1, 2, 3), Om, X2,1n,and INC(X), we can have the definitions 
corresponding to Definitions 16 and 18, respectively. 


5. Interval-Valued Neutrosophic Crisp Neighborhoods 
In this section, we introduce the concept of interval-valued neutrosophic crisp neighborhoods of 


IVNPs of two types, and find their various properties and give some examples. 


Definition 20. Let X bean IVNCTS,a € X, N € IVNCS(X). Then: 
(i) N is called an interval-valued neutrosophic crisp neighborhood (briefly, IVNCN) of a 
aU € IVNCO(X) such that: 


wn Pf there exists 


Qiyy CUCN, ie, aE ie oN, 


(ii) N is called an interval-valued neutrosophic crisp vanishing neighborhood (briefly, IVNCVN) of a 
if there exists a U € IVNCO(X) such that: 


IVNV’ 


Et qyE + 
tops UCN Ae, ae er Le ., 


The set of all IVNCNs [resp. IVNCVNs] of ayy [resp. 4yyyy] is denoted by N(a,,y,) resp. N(jyyy)] and 
will be called an IVNC neighborhood system of a,,,., [resp. @ynyI. 


Example 11. Let X = {a,b,c,d,e, f,¢,h,i} and let t be the IVNCT on X given in Example 7 (4). Consider 
the IVNCS N = ([{a,b,d}, {a,b,c,d}], [{e}, {e}], [{g}, {g}]) in X. Then we can easily check that: 

N € Nyy) a N Givi) N € N(diyy) a NB riey ds 

N € Nida) a Nae a N € NC) 


An IVNC neighborhood system of a,,,,, has a similar property for a neighborhood system of a 
point in a classical topological space. 


Proposition 14. Let X be an IVNCTS, a € X. 
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[IVNCN1] If N € N(ajyy), then ayy €N. 
[IVNCN2] If N € N(a,,y) and N C M, then M € N(ayy). 

[IVNCN3] If N,M € N(a,,y), then NOM € N(a,,y)- 

[IVNCN4] If N € N(a,y,,), then there exists M € N(a,,y) such that N € N(brvn) for each biyn € M. 


Proof. The proofs of [[VNCN1], IVNCN2], and [[VNCN4] are easy. 

[IVNCN3] Suppose N,M € N(a,,,,). Then there are U, V € IVNCO(X) such that a,,,, € UC 
N anda, € V C M. Let W = UNV. Then clearly, W € IVNCO(X) and a,,,, € WC NOM. Thus 
NOME N(@yy)- 


In addition, an IVNC neighborhood system of 4,,,,,, has the similar property. 


Proposition 15. Let X be an IVNCTS, a € X. 


[IVNCVN1] IfN © N(ayyy), then any €N. 

[IVNCVN2] if N € N(ayyyy) and N C M, then M € N(ajyyy)- 

[IVNCVN3] If N,M € N(ayyy), then NOM € N(ayyy)- 

[IVNCVN4] If N € N(a,,y,,), then there exists M € N(x) such that N € N(biyxy) for each 
Vinge = al 


Proof. The proof is similar to one of Proposition 15. 


From Definition 20, we have two IVNCTs containing a given IVNCT. 
Proposition 16. Let (X,t) be an IVNCTS and let us define two families: 
Tyy = {U € IVNCS(X):U € N(a,,,,) for each a,,,, € U} 


and 
Tyny = {U € IVNCS(X) : U € N(a,y)y,,) for each apynyy € U}. 


Then we have: 
CD Gee tay HAV NCIX): 
(2) TC Tyy and T C Tyny- 


Proof. (1) We only prove that T,,,, € IVNCT(X). 

(IVNCO)}) From the definition of T,,,,,,, we have @1yn, XIVN © Tyyy- 

(IVNCO>) Let U, V € IVN*(X) such that U,V € T,,,.,, and let a,,.,, € UM V. Then clearly, 
U, V € N(ajyyy). Thus by [I[VNCVN3], UNV € N(ayyyy):SOUNV € Ty 

(IVNCO3) Let (Uj) jej be any family of IVNCSs in Ty), let U = Ujey Uj and let ay, € U. 
Then by Proposition 7 (2), there is jg € J such that aj, € Uj,. Since Ujy © Tyny, Uj € N(@iyny) by 
the definition of T,,.,. Since Uj, C U, U € N(ajyyy) by IVNCVNZ]. So by the definition of Ty, 
u € Tivnv- 

(2) Let U € t. Then clearly, U € N(a,,,,) and U € N(@,,y,,) for each a,,,, € Gand ay.) € G, 
respectively. Thus U € T,,,, and U € T,,,.,,- So the results hold. 


Remark 5. (1) From the definitions of tryn and tTivnv, we can easily have: 


Tyy = TU{U € IVNCS(X): VV?" CUT, Vet} 


and 


Twxwv = TU {U € IVNCS(X) er G vit Ve Th. 
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(2) For any IVNCT Tt ona set X, we can have six IVTs on X given by: 
toy = 4 | Se IVs( XU ea}, 
thy = {[u’ ul] € IVS(X) :U E Ty 


v= {uP * uP‘) € IVS(X) : U € Ty}, 


IVN 
ie = Ue IVS Os eS eh 
bog SA | CIV ERE Se Gea 
= (ur ue EC IVS(X) ee. 


Furthermore, we have 12 ordinary topologies on X: 


i Su" CxrUer Le Sil CA tea) 


IVN 


teed Cee SI | eae ty 


TiN 


e =f" Cxvler.) eat Cee 


Tivn 
one ia CXPUE tag E tay = {ae MUS Cpe he 
ee = er We Gage i nee = {Ut CK UE ty}, 
pee a CX:UE ty} T, tay ={ub* cx :uer Tvnv }- 


Example 12. Let X = {a,b,c,d,e, f,g,h,i} and consider IVNCT t on X given in Example 7 (4). Then from 


Remark 5 ((1), we have: 
Tiyy = TU {As, A6, Az}, 


where As = (({a,b,c}, {a,b,c}], [{e}, {e, fH] Lg}, {8 ]) 

Ag = ([{a,c,d},{a,¢,d}], He}, {eb {gh}, {gh i}]) 

Az = ([{a,b,c,d}, {a,b,c 4}], [fe}, fe, FY] gh. {g.a}l) 
Additionally, we have: 
= TU {Asg, Ao, Ato, Arr}, 


Tivnv 


where Ag = ([{a,b}, {a,b,c}], [tet te FF], gt, tg]), 
Ag = ([{a,d}, {a,c d}], tet, tet tg Ab teh), 
Ayo = ([ta}, tach], tet, tet], [tat (3, ht)), 
Au = ([{a,b,d}, {a, b,c, d}], te}, te FF] st tg) - 
So we can confirm that Proposition 16 holds. 
Furthermore, we can obtain six IVTs on X for T: 


T I F E I F 
IVN’ Tiyn? Tiyn? Tiynv’ Tiynv! Tynv" 


Additionally, we have 12 ordinary topologies on X: 


T- T+ ql, 
IVN’ “IVN’ “IVN’ 


[+ _F, 
Tin’ “vn? 


T- (T+ gl-  gl+ chm FA 
IVNV’ “IVNV’ “IVNV’ “IVNV’ “IVNV’ “IVNV*™ 


The following is the immediate result of Proposition 16 (2). 
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Corollary 1. Let (X,t) bean IVNCTS and let IVNCC; lresp. IVNCC;z,,., and IVNCCy,,,_,] be the set of 
all IVNCCSs w.r.t. T [resp. Ty, and T, ]. Then, 


IVNV 


IVNCC, C IVNCC,,,., and IVNCC; C IVNCC, 


IVNV" 


Example 13. Let (X,T) be the IVNCTS given in Example 12. Then we have: 
IVNCC, = {@1yn, X1wn, A§, A5, AS, AG}, 
IVNCC,,, = IVNCC, U { Ag, AG, AS}, 
IVN 


where AS = {fg}, {g,i}], [{a,b,c,d,h}, {a,b,c,d, f,h}], [{a, b}, {a,b,c}]), 


{gs}, {g}], [{a,b,c,4,h}, {a,b,c d, f,h}], [{a, b}, {a,b,c}]), 


( 
Aj = ({g, A}, (9,1, i}], {a,b,c d, fh, {a,b,c d, f}], [{a, 4}, (a,c, d}]), 
As = ([{g- A}, {9,1 tH], [{a, 0, 0,4, fh, {a,b, c,d, f}], {a}, {a,c}]), 
AS = ([{g}, {g, t}], {2 b,c, d,h}, {a,b,c,d, f,h}], [{a,b, d}, {a,b,c,d}]), 
Ag = ([{g} {a it], [{a,b, c,d, h}, {a,b, c,d, f,h}], [{a, b,c}, {a,b,c}]), 
AG = ({g,h}, (gah), [{a, b,c d, fh, {a,b, c,d, f¥], [{a, c,d}, {a,c,d}]), 
AS = {gz}, {g,i}], [{a,b,c,d,h}, {a,b,c,d, f,h}], [{a, b, c,d}, {a,b,c,d}]), 
( 


= (Hg hh ta, Ay] (a,b,c, fh, tab cd, ft], tad}, ta, 643), 
Aig = (gh {g/M}], [fab c,d, FY, {a,b,c,4, fH, [{a}, {a,c}]) 
AG = ({g}-{g}] [{a,b,¢,d,h}, {a,b, c,d, f,h}], [{a, bd}, (a,b, ¢,d}]) 
Thus we can confirm that Corollary 1 holds. 


Now let us consider the converses of Propositions 14 and 15. 


Proposition 17. Suppose to each a € X, there corresponds a set N*(a,,,,) of IVNCSs in X satisfying the 
conditions [IVNCVNI1], IIVNCVN2], IIVNCVN3], and [IVNCVN4] in Proposition 15. Then there is an 
IVNCT on X such that N*(a,,,,,) is the set of all IVNCVNs of 4,,,,,, in this IVNCT for each a € X. 


Proof. Let, 
Tuny = 1U € IVNCS(X):U € NG@,,,,,) foreacha,., € Ut, 


where N (aj, ) denotes the set of all IVNCVNs in T. 
Then clearly, T,.,, € IVNCT(X) by Proposition 16. We will prove that N*(a 
IVNCVNS of 4)y.,) iM Tyyy for each a € X. 


Let V € IVN*(X) such that V € N*(a,y,,,) and let U be the union of all the IVNCVPs b,,,.,, in X 
such that U € N* (a), ). If we can prove that: 


inv) is the set of all 


Qvyy €UC VandU E Tay, 


then the proof will be complete. 

Since V € Ny (@iyny), Qiyyy © U by the definition of U. Moreover, U C V. Suppose by. € U. 
Then by [IVNCVN4], there is an IVNCS W € N*(b,,,.,,) such that V € N*(c for each Cryyy € W. 
Thus ¢,,,, € U. By Proposition 9,W C U. So by [IVNCVN2], U € N*(b for each b,,.,, € U. 
Hence by the definition of T,,,.,,, U © Ty,,- This completes the proof. 


reas 


way) 


Proposition 18. Suppose to each a € X, there corresponds a set N*(a,,,,) of IVNCSs in X satisfying the 
conditions [[VNCN1], [IIVNCN2], [IVNCN3], and [IVNCN4] in Proposition 14. Then there is an IVNCT on 
X such that N*(a,,)) is the set of all IVNCNSs of a, in this IVNCT for each a € X. 


IVN 


Proof. The proof is similar to Proposition 17. 
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The following provide a necessary and sufficient condition which an IVNCSs is an IVNCOS in 
an IVNCTS. 


Theorem 2. Let (X,t) be an IVNCTS, A € IVNCS(X). Then A € Tt if and only if A € N(a,,,,) and 
ALS N Bean, ) (OF COC Bey Bae SA 

Proof. Suppose A € N(a € A. Then there are 
Ua. Vi 


TIVNV 


A= ( U Ayn) U( U Ayyy) C ( U Ua) U( U Varyyy) CA: 


4iyny CA AiynEeA EA 


So A= (Un yy €4 Un) U (dy eA Vawny )* Since Ua y 


IVNV 
The proof of the necessary condition is easy. 


a) and A € N (Gy 
€ tsuch that a,,,, € Un yn Cc Aanda 


) for each: @iyor Gipny 
EV, Cc A. Thus, 


IVNV IVNV 


FIVNV 


rv, 


a E€tT,AET. 
IVNV 


N 


and T 


Now we will give the relation among three IVNCTs, T, T, PUNY 


VN 


Proposition 19. T = Ty, Tyny- 


Proof. From Proposition 16 (2), it is clear that TC Ty, Tyyy- 
Conversely, let U € Ty). Tyyy- Then clearly, U € Ty, and U € Ty). Thus U is an IVNCN of 
each of its IVNCPs a, and an IVNCVN of each of its IVNCVPs a,,,,,- Thus, there are U,,,.., Ua € 


N’ IVNV 
t such that 4,,,., € Un yy C Uand a, € Un yyy Cc U. So we have: 


Uivn = U fiyy © U Un yy cu 


Gyn eu Ayn Eu 
and 
Uivnv = U Givny © U Uavny egee 
Mynyy CU Vyny Cu 
By Proposition 5, we get: 


4, eu 


U = Ujpyn UUpyny C ( U lige J U ( U Wein) Cc U, ie., 
yn eu 


TIvNV 
U= ( U Ua) U ( U Uaryny )- 
Gyy Eu eu 


It is obvious that (Ua ry €U Ua) U (Ua yay CU Uae) 
This completes the proof. 


FIvNV 


€ t. Hence U € T. Therefore T,, AU Tyyy C T:- 


From Proposition 19, we get the following. 
Corollary 2. Let (X,t) be an IVNCTS. Then, 


IVNCC; = IVNCC,,,. QIVNCC, 


IVNV’ 
Example 14. In Example 12, we can easily check that Corollary 2 holds. 


6. Interiors and Closures of IVNCSs 


In this section, we define interval-valued neutrosophic crisp interiors and closures, and 
investigate some of their properties and give some examples. In particular, we will show that there is 
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a unique IVNCT on a set X from the interval-valued neutrosophic crisp closure [resp. interior] operator. 


In an IVNCTS, we can define a closure and an interior as well as two other types of closures and 


interiors by Proposition 16. 


Definition 21. Let (X,t) bean IVNCTS, A € IVNCS(X). 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


(vi) 


The interval-valued neutrosophic crisp closure of A w.r.t. t, denoted by IVNcl(A), is an IVNCS in X 


defined as: 
IVNcl(A) = (\{K: K° € tand A C K}. 


The interval-valued neutrosophic crisp interior of A w.r.t. t, denoted by IVNint(A), is an IVS in X 


defined as: 
IVNint(A) =(J{G:G etandGC A}. 


The interval-valued neutrosophic crisp closure of A w.r.t. Ty, denoted by cl,,,,,(A), is an IVNCS in X 


defined as: 


clyy(A) = \{K : K° € t,, and A C K}. 


IVN ( 
The interval-valued neutrosophic crisp interior of A w.r.t. Tj, denoted by int, (A), is an IVS in X 
defined as: 

int yy(A) =J{G:G Et, andG C A}. 
The interval-valued neutrosophic crisp closure of A w.r.t. Ty,jy, denoted by cl,,,,,,(A), isan IVNCS in X 


defined as: 
=(){Kik’ €ty.,andA CK}. 


The interval-valued neutrosophic crisp interior of A w.r.t. Tyyy, denoted by int,,,.,,(A), isan IVNCS in 
X defined as: 


Cliyyy (A 


fiogl(A=|HG:Get.. andGe A}. 


Remark 6. From the above definition, it is obvious that the followings hold: 


and 


IVNint(A) C int,,, (A), IVNint(A) C int yyy (A) 


clyy(A) C IVNel(A), cl yyy(A) C IVNcl(A). 


nay 


Example 15. Let (X,T) be the IVNCTS given in Examples 12 and 13. Consider two IVNCSs in X: 


= ([{a,b,c}, {a,b,c d}], [{a,e}, {a,e, FH) tah, tg)» 
= (Its, A}, (8, i}], a,b,c, 4, fh, {a,b c,d,e, fh], ta}, {a,c}]) - 


Then, 
IVNint(A) = U{G et: GC A} = A, UA3 = ([{a, 5}, {a,b,c}], [fe}, fe, FEL, {gh (8, ib]) » 
in tiyy (A ) = U{G E Tyy ?GC A} = A, UA3U As 
= ([{a,b,c}, {a,b,c}], [fet {e, FIL sh, {8,@b]), 
int yyy (A )= U{G € Tynv :GC A} = A, UA3U AgU Ajo 
= ([{a,b}, {a,b,c}], te}, te FEL [tah tbl) 
and 


IVNel(B) =(\{F: Fo € t, BC F} = ASN AS 
= (Ig, h}, {gh if], {a,b c,d, fh, {a,b,c d, fF}, [{a, a}, {a,c,4}]), 
clryy (B) = LE : FS € Tyy, BC F} = ASN ASN ASN AS, 
= (tg, hh, {9,4 i}, a,b,c, 4, fh, {a,b,c d, fh], {a,c,d}, {a,c,4}]), 
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cliynv(B) =(\{F: F° € trynv, BC F} = ASN ASN AGN Afy 
= (Hh, {gh}, [ta,b,c,d, fh, {a,b c,d, fh], [{a,d}, {a,c,d}}) . 


Thus we can confirm that Remark 6 holds. 
Proposition 20. Let (X,t) be an IVNCTS, A € IVNCS(X). Then, 
IVNint(A‘°) = (IVNcl(A))*° and IVNcl(A‘) = (IV Nint(A))°. 


Proof. IVNint(A°) =U{UeET:UC A} =U{UEt:UC (AF AM, AT)} 
=U{uer:UuT CAF, Uc AM, uF 5 AT} 
=U{uer: UT cAF, uk c Al, uF 5 AT} 
= (VF <UL 8 Acc UF} 
= (IVNcl(A))°. 

Similarly, we can show that IVNcl(A‘) = (IV Nint(A))°. 


Proposition 21. Let (X,t) be an IVNCTS, A € IVNCS(X). Then, 


IV Nint(A) = int, (A) int yyy (A). 


Proof. The proof is straightforward from Proposition 19 and Definition 21. 


The following is the immediate result of Definition 21, and Propositions 20 and 21. 
Corollary 3. Let (X,t) bean IVNCTS and let A € IVNCS(X). Then, 


IV Ne A) = t.( A) UGieg(A). 


Example 16. Let A and B be two IVNCSs in X given in Example 15. Then we can easily check that: 
intryn(A) a) intrynv(A) = IVNint(A), clryn(B) Uclrynvy(B) = IVNcl(B). 


Theorem 3. Let X be an IVNCTS, A € IVNCS(X). Then: 


(1) A €IVNCC(X) © if A = IVNcl(A), 
(2) A €IVNCO(X) 4 A = IVNint(A). 


Proof. Straightforward. 


Proposition 22 (Kuratowski Closure Axioms). Let X be an IVNCTS, A,B € IVNCS(X). Then, 


[ ] IfACB,then IVNcl(A) C IVNcl(B), 
[ ] IVNcl(@ivn) = @ivn, 

[IVNCK2] Ac IVNcl(A), 

[ | IVNcl(IVNcl(A)) = IVNel(A), 

[ |] IVcl(AUB) = IVNel(A) UIVNel(A). 


Proof. Straightforward. 


Let IVNcl* : IVNCS(X) — IVNCS(X) be the mapping satisfying the properties [[VNCK1], 
[IVNCK2], [[VNCK3], and [[VNCK4]. Then the mapping [Vcl* is called the interval-valued 
neutrosophic crisp closure operator (briefly, IVNCCO) on X. 
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Proposition 23. Let IVNcl* be the IVNCCO on X. Then there exists a unique IVNCT t on X such 
that IVNcl*(A) = IVNcl(A), for each A € IVNCS(X), where IVNcl(A) denotes the interval-valued 
neutrosophic crisp closure of A in the IVNCTS (X,T). In fact, 


t = {A° € IVNCS(X) : IVNcl*(A) = A}. 


Proof. The proof is almost similar to the case of classical topological spaces. 


Proposition 24. <=Let X be an IVNCTS, A, B € IVNCS(X). Then, 


[IVNCIO] If A C B, then IVNint(A) C IVNint(B), 
[IVNCI1] IV Nint(X1yn) = XIvn, 

[IVNCI2] IVNint(A) CA, 

[IVNCI3]_ IV Nint(IVNint(A)) = IVNint(A), 
[IVNCI4]  IVNint(ANB) = IVNint(A) NIVNint(A). 


Proof. Straightforward. 


Let IVNint* : IVNCS(X) — IVNCS(X) be the mapping satisfying the properties [[VNCI1], 
[IVNCI2], [[IVNCI3], and [IVNCI4]. Then the mapping IV Nint* is called the interval-valued 
neutrosophic crisp interior operator (briefly, IVNCIO) on X. 


Proposition 25. Let IV Nint* be the IVNCIO on X. Then there exists a unique IVNCT Tt on X such that 
IVNint*(A) = IVNint(A) for each A € IVNCS(X), where IVNint(A) denotes the interval-valued 
neutrosophic crisp interior of A in the IVNCTS (X,T). In fact, 


t = {A € IVNCS(X) : IVNint*(A) = A}. 


Proof. The proof is similar to one of Proposition 23. 


7. Interval-Valued Neutrosophic Crisp Continuous Mappings 


In this section, we define an interval-valued neutrosophic crisp continuity and quotient topology, 
and study some of their properties. 


Definition 22. Let X,t), (Y,0) be two IVTSs proposed in [30]. Then a mapping f : X — Y is said to be 
interval-valued continuous, if f—'(V) € t for each V € 6. 


Definition 23. Let X,t), (Y,6) be two IVNCTSs. Then a mapping f : X — Y is said to be interval-valued 
neutrosophic crisp continuous, if f-'(V) € t for each V € 6. 


From Remark 2 (1), and Definitions 22 and 23, we can easily have the following. 


Theorem 4. Let (X,T), (Y,6) be two IVNCTSs and let f : X — Y be a mapping. Then f is interval-valued 
neutrosophic crisp continuous if and only if f : (X,t") — (Y,6"), f : (X,t!) > (Y,6!), and f : (X,t*) > 
(Y, 6") are interval-valued continuous, respectively. 


The followings are immediate results of Proposition 9 (13) and Definition 23. 


Proposition 26. Let X, Y, Z be IVNCTSs. 


(1) The identity mapping id : X — X is continuous. 
(2) Iff:X— Yandg:Y — Zare continuous, then go f : X — Z is continuous. 
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Remark 7. From Proposition 26, we can easily see that the class of all IVNCTSs and continuous mappings, 
denoted by IVNCTop, forms a concrete category. 


The followings are immediate results of Definition 23. 


Proposition 27. Let X, Y be INCTSs. 


(1) If X isan IVNCDTS, the f : X — Y is continuous, 
(2) If Y isan IVNCITS, then f : X — Y is continuous. 


Theorem 5. Let X, Y be IVNCTSs and let f : X — Y be a mapping. Then the followings are equivalent: 


(1) f is continuous, 

(2) f-1(C) € IVNCC(X) for each C € IVNCC(Y), 

(3) f-!(S) € IVNCO(X) for each member S of the subbase for the IVNCT on Y, 
(4) IVNcl(f~1(B)) c f-!(IVNcl(B)) for each B € IVNC(Y), 

(5) f(IVNcl(A)) C IVNel(f(A)) for each A € IVNC(X). 


Proof. The proofs of (1)=(2)=(3)=(1) are obvious. 
(2)=(4): Suppose the condition (2) holds and let B € INC(Y). By Proposition 22 [IVNCK2], 
B C IVNcl(B). Then by Proposition 9 (2), f~!(B) Cc f~!(IVNcl(B)). Thus by Proposition 22 [INCKO], 


IVNcl(f~1(B)) C IVNel(f~1(IVNcl(B))). 


Since IVNcl(B) € IVNCC(Y), f-1(IVNel(B)) € IVNCC(X) by the condition (2). So by Theorem 3 
(1), IVNel(f—!(IVNcel(B))) = f-!(IVNcl(B)). Hence IVNel(f—!(B)) ¢ f-!(IVNcl(B)). 

(4)=(5): Suppose the condition (4) holds and let B = f(A) foreach A € IVNC(X). Then we have 
IVNel(f—!(f(A))) C f-1(IVNel(f(A))). Thus by Proposition 9 (3), IVNcl(A) c f~!(IVNel(f(A))). 
So by Proposition 9 (1) and (4), f(IVNcl(A)) C IVNel(f(A)). 

(5)=(4): The proof is similar to (4) (5). 


Theorem 6. Let X, Y be IVNCTSs and let f : X — Y bea mapping. Then f is continuous if and only if 
f-l(IVNint(B)) C IVNint(f-1(B)) for each B € INC(Y). 


Proof. The proof is straightforward. 


Definition 24. Let (X,T), (Y,6) be two IVNCTSs. Then a mapping f : X — Y is said to be: 


(i)  Interval-valued neutrosophic crisp open, if f (U) € 6 for each U € T, 
(ii) — Interval-valued neutrosophic crisp closed, if f(C) € IVNCC(Y) for each C € IVNCC(X). 


Proposition 28. Let X, Y, Z be IVNCTSs, let f : X — Yand g: Y — Z be mappings. If f, g are open [resp. 
closed], then g 0 g is open [resp. closed]. 


Proof. The proof is straightforward. 


Theorem 7. Let X, Y be IVNCTSs and let f : X — Y be a mapping. Then f is open if and only if 
IVNint(f(A)) C f(IVNint(A)) for each A € IVNC(X). 


Proof. The proof is straightforward. 


Proposition 29. Let X, Y be IVNCTSs and let f : X — Y be injective. If f is continuous, then 
f(IVNint(A)) C IVNint(f(A)) for each A € IVNC(X). 
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Proof. The proof is straightforward. 


The following is the immediate result of Theorem 7 and Proposition 29. 


Corollary 4. Let X, Y be IVNCTSs and let f : X —> Y be continuous, open, and injective. Then 
f(IVNint(A)) = IV Nint(f(A)) for each A € IVNC(X). 


Theorem 8. Let X, Y be IVNCTSs and let f : X —> Y be a mapping. Then f is close if and only if 
IVNel(f(A)) C f(IVNel(A)) for each A € IVNC(X). 


Proof. The proof is straightforward. 


The following is the immediate result of Theorems 5 and 8. 


Corollary 5. Let X, Y be IVNCTSs and let f : X — Y be a mapping. Then f is continuous and closed if and 
only if f(VINcI(A)) = IVNel(f(A)) for each A € IVNC(X). 


Definition 25. Let (X,tT), (Y,0) be two IVNCTSs. Then a mapping f : X — Y is called an interval-valued 
neutrosophic crisp homeomorphism, if f is bijective, continuous, and open. 


Theorem 9. Let X, Y be IVNCDTSs and let f : X —> Y be a mapping. Then f is a homeomorphism if and 
only if f is bijective. 


Proof. The proof is straightforward. 


Definition 26. Let (X,t) be an IVNCTS, let Y be a set and let f : X —> Y bea surjective mapping. Let 6 be 
the family of IVNCSs in Y given by: 


56 = {BE IVNC(Y): f-!(B) € T}. 


Then 6 is called the interval-valued neutrosophic crisp quotient topology (briefly, IVNCQT) on Y. 
It can easily be seen that 5 € IVNCT(Y). It is also obvious that for each B € IVNC(Y), B is closed in 6 
if and only if f~1(B) is closed in X. 


Proposition 30. Let (X,T), (Y,65) be two IVNCTSs, where 6 is the IVNCQT on Y. Then a surjection 
f : X — Y is continuous and open. Moreover, 6 is the finest topology on Y which f is continuous. 


Proof. The proof is similar to the classical case. 


The following is the immediate result of Proposition 30. 


Corollary 6. Let (X,t), (Y,0) be two IVNCTSs. If a mapping f : X — Y is continuous, open, and sujective, 
then 6 is the IVNCQT on Y. But the converse does not hold in general (See Example 17). 


Example 17. Let ([0,1],t) be an IVNCTS and let A = G. 1]. Consider the characteristic function x, : 
[0,1] — {0,1}, where {0,1} is the interval-valued neutrosophic crisp Sierpin' ski space (see Example 7 (5)). 
Then we can easily see that the topology on {0,1} is the IVNCQT. On the other hand, G 1)ivner € T but 


Ks G 1)1vncz) is not open in {0,1}. Thus x, is not an open mapping. 


Theorem 10. Let (X,T), (Y,6), (Z,a) be IVNCTSs, where 6 is the IVNCQT on Y. Let f : X — Y and 
g:Y — Z be mappings. Then g is continuous if and only if g 0 f is continuous. 
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Proof. The proof is similar to the classical case. 


8. Conclusions 


We obtained various properties of IVNCSs and discussed with IVNCTSs which can be considered. 
as an interval-valued tri-opological space. Moreover, we defined an interval-valued neutrosophic 
crisp base and subbase and proved the characterization of an interval-valued neutrosophic crisp 
base. Next, we introduced the concept of interval-valued neutrosophic crisp neighborhoods and 
obtained some similar properties to classical neighborhoods. Furthermore, we defined interval-valued 
neutrosophic crisp closures and interiors, and found some properties. We also introduced the concept 
of interval-valued neutrosophic crisp continuities and obtained its various properties. 

In future, we expect that one can apply the concept of IVNCSs to group and ring theory, 
BCK-algebra, and category theory, etc. We also expect that one can define the notions of interval-valued 
soft sets and interval-valued neutrosophic crisp soft sets. Besides, the theorems developed in this 
manuscript will promote future studies on the geometry calibration for multi-cameras. 
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